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The problem of harbour resonance is discussed, and the probabilistic analysis of a kavbouy's response is

carvied oul using a finile element lechnique.

The vesulls presented in (his paper show lhe imporiance of considering fwo fvpes of dewiping (radiation and
Jricton) in (he study of havbour vesonance phenomenn. The vadiation, or energy transfev befween the hayvbouwy
and the open sea, is intvoduced using an expression similar lo Somwmerfeld's vadiation condilion, and appears

as a boundary only damping term.

The three analyses with oy withoul damping and with ov withou! yvadialion are compared, and it is shown thal il

is imporlan! lo include bolh effecls to avoid disiovtion of the vesponse spectrum. The probability of exceedance

Jor elevalions is calculaled for the Duncan Basin, and a way of calculating the hovizontal displacements is

indicaled.

1. INTRODUCTION

Many harbours are limited in their usefulness by
seiching associated with excitation at one or more of
their patural frequencies. For harbours of regular
shapes the natural frequencies can be found by
analytical techniques, otherwise ¢ne needs to under-
take expensive model experiments or turn to nume-
rical techniques. The finite element method is well
suited to the study of harbours of arbitrary dimen-
sions, as the size (and depth) of elements can be
varied at will. The main difficulty associated with
this method is the proper representation of the
mechanism of energy exchange between the harbour
and the sea. This representation is done here by
applying on the boundary a radiation condition that
allows the wave energy to be transferred without dis-
tortion. In addition wave refiection due to the sur-
rounding coastline can be incorporated into the model.
Most theoretical models used up to now have con-
cerned themselves with predicting the natural periods
of the water body, but have ignored the effect of fric-
tion between the bed and the moving fluid. In order to
obtain realistic estimates of displacements the fric-
tion effects need to be taken into account.

The usual design procedure is to estimate the likely
period of waves in the locality and then analyse the
response of the system. The designer tries to mis-
match the frequencies of the incoming waves and the
fundamental frequency of the system. This assump-
tion of a deterministic design wave is in fact a drastic
oversimplification of the real situation. Waves are
esgentially random in nature and this necessitates a
probabilistic approach. The wave record at a point is,
in fact, the superposition of an infinite number of
harmonic components of different amplitudes and fre-
quencies. This record is normally represented by a

wave spectrum for the location which will be peaked
at the dominant period of the waves. These recorded
spectra which vary from region to region of the sea
according to the local characteristies of the waves,
are then to be used as input for the statistical
analysis,

The statistical analysis is based on a transfer func-
tion given by the system response to simple harmonic
wave excitations. The transfer function converts the
wave specirum into & response spectrum of wave
heights (such as those inside a harbour), Integration
of the response spectrum with respect to the fre-
quencies gives the variance of the variable under con-
sideration and this allows one to predict the prob-
ability of & maximum value being exceeded. In addi-
tion, by using the momentum equations, the horizontal
displacement spectra can be deduced from the wave
height spectrum.

Numerical results were ohtained for the case of the
old Duncan Basin in South Africa. This harbour has
been extensively studied and the shape of the Bay is
such that some of the frequencies are greatly ampli-
fied, producing large oscillations., The Basin was
discretized using a finite element mesh and the radia-
ticn conditicn applied on the part of the boundary
representing the harbour mouth. The program was
run to study the effect of including friction and radia-
tion on the results. As the radiation condition allows
energy to escape from the harbour, it has the effect of
reducing the peaks of the lowest {requencies, especi-
ally for nodes near the harbour mouth, The inclusion
of friction however, has the effect of reducing the
amplitudes at the higher frequencies,

The numerical results show that it is essential to
include both effects in the analysis in order to obtain
a representation of the harbour's behaviour.
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Figure 1 Geometrical Definitions

2. GOVERNING EQUATIONS

The harbour resonance equation for harmonic motion

can be written as:
a = o V2
.—h(h_"l’) +:'9L LY + S =0, (1)
txq X4 a%q \ ¥z g
with poundary conditicn
o It
hﬂ = & 5 onS 2
n g An z @
where 118 the wave elevation referred ta the still
water level with in plane coordinates Xy and Xg. D is
the depth. £ the acceleration due to gravity, dn 18 the

influx through S, boundaries.

In addition to poundary condifion (2) one needs 1o
apply the radiation condition on 2 powndary between
the harbour and the sed.

7 can DOW be split into 3 parts (Figure 2},

(iy The incident field 7y

wave
{see

(i1) The refiected field calculated from plane
ceflections by the poundaries and called 7y
Figure 2.boundaries AG and CE)

(ii1) The scattered field Ng priginating from nside

the harbour.

Hence the total wave field is

p=mpt MRS (3
with the incident field given bY

g =2 o-ikT COS (6 — o) (4)
& is the wave number which for ghallow water is,

wZ=gkih— K2 = w2/gh (3)

where h is
where the radiation condition is to
radiation condition one uses on the sea
now

a representa.tive depth along the contour
be applied. The
boundary 53 is

&g

er

(6)

+ 1K'ns =0
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This gives

N 4 ikn
gr

=—2—I—_(n1+ng}+if¢{n1+ﬂg)=i (7

known

The r.h.5. of this equation ig a known funciion of the
horizontal coordinates, the angles determining the
1ocal geometry and the angle of jncidence of the wave
field n,- On the land poundaries Sz with no flux we
have an/on = 0. For the harbouT oscillation problemn
the geometry and boundary conditlons aye shown in
Figure 2. For this case n=T-

eoverning

Conditions (2o} and (6) together with the &
equation (1) can be written 1n the following Galerkin’s

type statement,
jjg_a___ (h_@_'j_?_.).y ._?_- (h_?l]__) + K?h n}{jn ax, dx, =
8%\ Xy 3K, \ %2
\en 4 ikn — t% gnas. &

= %h Yon

5,1

a—’lfqnlbn as+ /b
on S 8y

Integrating by parts,

L

—szhnénsdxldxzz

j'qnfmas+jnfandse_rmmbnds. 9
5 5

¥For the caseé

e

8n = 0, we can write,

,E_Ti_:j.kh_aﬂ._?.gﬂ__,{?. hnfml’ dxldx2+
ox, 0Ky %2 2 )

4| ih &7 87 ds = (10)

| nfan as
S, 51

plane wave field

"

incident

31}

pefiniiion Skelch
Problem

Figure 2 for Haybow¥ Oscillalid



We now assume that the variable u can be approxi-

mated on each element by
n=NTH (11)

where N is an interpolation function vector and H are

the nodal unknowns, Substiteting (11) into {10) we
obtain the following expression for an element

oN oNT gN aNT
5HT§ffh -~ = 4 L.?:_ — k2 NNT)dxl ax, .
1 0x; 0Xy  UXp OXp o

+1 [ he NNT dS}[_-I: 51_{T§ hN de} : (12}
54 151
This expression can be written as,
K—«2M+ik M}H=F (13)
where
N INT N gNT
K:ffh B N S 1 0%,
X ox ay oy
M= [[hNNT dx; dx, M = [ANNTdS  (14)

3,

F= [hN{ids.
S

We can now assemble the different matrices defined
by (13) into the global matrices for the whole con-
tinuem. [See reference 3.] This gives

K—k2 M+ ik M]H=F (15)
It can now be seen that the radiation condition mani-
fests itself as a damping term on the external
boundary.

For problems such as harbour resonance it is possible
to include an exira term representing frictional effects
inside the finite element domain. The linearized ver-
sion gives the matrix eguation

K- (k2 —iy)M + ik M}H=F (16)

where y is an empirical coefficient.

y can be related to the Chezy coefficient through the
momentum equations. This gives,

(17)

where |v| is the magnitude of the velocity, ¢ is the
Chezy coefficient and h is the water depth. In order
to approximate v one needs to find the time and space
average values of the ratio jv|/h.

We may write the inverse of the multiplier of the nodal
unknowns vector  as Aix} to obtain formally

H= ARF (18)

where A may now be thought of as a complex transfer
function and

Ar) = {K — (k2 -~ iyx)M + ik M}1, (19)
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Equation (18} gives the response of the system to a
harmonic excitation. At a point 'i’ the displacement
can be written as

Hi=~ A F {20)

where 4; is the ith row of the 4 matrix.

3. SPECTRAL ANALYSIS

So far we have assumed that the incoming wave is
harmonic with given period and amplitede. The prob-
lem is then one of a simple forced vibration and the
solution is straightforward. Unfortunately, this is not
what happens in reality where the wave record is
essentially the superposition of harmonic waves of
differing amplitudes with random phase. The wave
field is most commonly represented by the wave
spectrum for the location. Figure 3 shows a typical
plot of wave height spectral densities Sy (w) against
angular frequency w in radians per second,

If F(t) is a randomly varying quantity with zero mean
then a basic property of the spectrum is that the
mean squared value of F(t) or variance ¢2, is given by

T/2 o
0% = (F2M) =lim =~ | F2Mdt= [ Sppw)dw. (21)
T2 T 7/ 0

Spplw) represents the way in which the harmonic
components of F are distributed over the frequency
range, The quantity of (F2(t); associated with a nar-
row frequency interval [w, w + Aw) is simply
Spplwlaw,
It is clear that the response at a given point will be a
random quantity and will in turn be described by a
response spectrum 8y, (w). To find the relationship
between S;p and 8, let us {irst define a forcing
vector F representing a unit actual value of the
function which will be called F. Hence, the height at
a point "i' can be written as
Hi = ai(m)F. (22)
{For instance F may be the incident wave height for
a harbour.)

) S
(MzS)

region
important
for diffraction
problems
(wind generated
waves)

- tides | region important for
' harbour oscillations | -

Q-4 06 o
(radians/sec)

0-m

Figire 3 Tvpical Ware Spectrum (Logarithniic
Seweles)
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Note that

aj(w) = ANW)Fo. (23)

To find the relationship between S, and Sy, we can
compute the deviation of H and F by squaring equa-
tion (22). Taking into account the fact that Hy is &
complex number,

Hence, we can write for a point '1"

Hf H; = o] F* oy (24)

where the asterisk denotes complex conjugation.

Dividing equation (24} by T, the length of the record
and letting T - % gives

Sfii[[i(w) = !O!i(w)}?r SFF(‘-‘-’) (25)
as
u g, (@) = lim 3-_ H’: Hl}
and
i Ll
SFF(w) = Tll—l;lgo}TF F,‘ R

See reference {2].

Equation {25} gives the relationship between the
spectral density input function Spp and the response
spectrum S H,* We can see that any particular

X

ordinate of the 8,  spectrum can be obtained by
HiHj

multiplying the corresponding ordinate by the modulus
squared of the a; funetion at that frequency. The
ordinates of «j are in fact the magnitude of the
response at the point "i’ due to a unit amplitude forc-

385 m, 85 m,
~entrance

'////////4///////////// 22

]

-

N
\
\

ing function for a given frequency w. The values of
o can be obtained using finite elements., Having
obtained the spectrum of response we can integrate
the area under it to obtain the mean squared value or
variance o2, Note that

0% = (H2) =Dj Spy dw (26)
for a process with zero mean. Furthermore, if the
process is Gaussian or broad banded we can assign
probabilities for the response exceeding various
multiples -y~ of the standard deviation g, i.e. the
probability of the heights being within a certain zues
value is given in the following table.

Table 1
Probability of Probability of
i@ SlO S RS U [ > uo
1 68, 3% 31.7%
2 95, 4%, 4. 6%
3 99. 7% 0. 3%

Alternatively if the input process is narrow banded
(i.e.,a storm or tsunami) we have a Rayleigh distri-
bution, i.e.
P{H) = H exp g—H2/2o}2{ t
o | f

(27)

for a given storm.

The expected maximum value of the response can be
approximated by,

(|H]max) = on{Jz 1n(T_/T_n~1"){L (28)

680 m.
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Figure 4 Mesh for Duncan Basin
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Figure 5 Maxivuon Suvface Elevalion al node 70 with Radiation but without Dawmping

where Ty, is the mean period, given hy

oo 1/2
f Syy dw
¢ (29)

TmZZTI

=]
2
df“’ Sy e

If the process is not narrow banded one can still
numerically caleulate its probability and expected
maximum but the Rayleigh distribution is no longer
valid.

EXAMPLE FOR HARBOUR OSCILLATIONS

Numerical results with, and without the use of the
radiation condition were obtained for the case of the
old Duncan Basin within Table Bay in South Africa.
This harbour has been extensively studied [4], [5] and
the shape of the Bay is such that some of the fre-
quencies are greatly amplified, producing large
oscillations within the Basin, This fact has been
demonstrated by model experiments, harmonic
analyses, seichograms and simple theoretical analy-
ses, which given reasonable resulis here as the
shape of the basin is approximately rectangular. The
exact natural periods for a rectangular closed basin
of constant depth are given by

21 B 1
Jed (m? + g2p2)/2z b

where m and n describe the modal shapes in the two
directions (m is associated with the length of the
basin 1 and n with the width b).

(30)

Tyon =

To simulate deterministically the effect of waves
entering the harbour we discretised it into finite
elements (figure 4), Aleng the contour BCDEFA we
applied the usual zero normal flux condition an/én =
0. On the harbour entrance AB we applied the radia-

-
|
|
i

LONGITUDINAL MODES

Elsvation
b ol AR

- M

tion condition for an incident plane wave of unit
amplitude entering the harhour in the negative y
direction, for the moment ignoring reflections from
the neighbouring coastiine. Damping was not included
in this part of the study. The matrix equation to be
solved in this case is

K — x2M + ikM' } H= F. (31)

Solving equation (31) for H gives a vector of the dis-
placements in complex form at each node. Qnce the
deterministic response is found it can be squared at
the points vnder consideration to give the probabilistic
transfer function for the resulting wave elevation at
each node resulting from a wave of unit amplitude
incident at the harbour mouth. One advantage of using
the radiation condition is that the direction of this
incident wave may be varied easily. The resulting
elevations at node 70 for unit incident waves of dif-
fering frequencies are plotted in figure 5, the transfer
function is given by the squares of these values, The
first peaks oceur at the same {requencies as those
predicted by the harmonic analysis given in refer-
ence [6]. For instance the first peak represents the
first significant period of about 11, 45 minutes which
is the mode corresponding to water flowing in and out
of the basin and is ealled the 'pumping mode’, The
second peak also corresponds to 2 simple motion the
so-called 'sloshing mode'. The results were plotted
up to w = 0. 4 radians/second which is the lower
bound of the wind generated part of the wave spectrum.

It is interesting to note that after a series of mainly
longitudinal modes, the transverse modes start to
play a more significant part. The effect of these
modes is not at all negligible, especially from the
probabilistic response point of view. The application
of the radiation boundary condition on the harbour
mouth adequately represents the input of wave energy
into the system as well as energy passing ou/ of the
harbour.

| | TRANSVERSE MOCDES

Figure 6 Maximum Suvface Elevation
1

o

T paot”
Frequency rad/fsec

al node 70 wilhou! Radialion with Damping =~ 0. 0002
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Figure 7 Mavimum Suvface Elevalion al node 70 including bolh Radialion and Damping cffects = 0. 0002

Another study was carried out on the same problem
region without the use of the radiation condition but
including the damping term representative of bottom
friction. In this case the wave elevation at the
entrance nodes was fixed equal to the amplitude of
the incoming wave. The matrix equation to be solved
is now

K (k2 — ixy)M} H = P. (32)
The elements of the P vector are formed by multiply-
ing the known elevation values at the harbour mouth
by elements of the original left hand side and trans-
ferring the result to the right hand side, The transfer
function was obtained by squaring the elements of the
response vector X in the usual way.

The wave height responses af node 70 are shown in
figure 6, Again the first significant modes appear at
the expected frequencies.

The value of 4 (= 0. 0002} was taken to be representa-
tive of bottom friction only. It is interesting to note
that the first longitudinal and transverse modes seem
to dominate the miotion, the others are quickly damped.
(see references 7,8 and 9).

Finally the wave height responses were calculated for
the harbour including both the effects of bottom fric-

tion and transfer of energy across the harbour mouth
by the use of the radiation condition.

The matrix equation to be solved in this case is
& - (k2 - )M + ik M'JH=F (33}

where the matrices are defined in equations 14, The
incident wave is of unit amplitude entering the harbour

between frequencies w of 0. 01 to 0, 40 radians/
second}, Usually the energy of the oceans in this
region is not considerable, but some phenomena can
produce agitation which will damage the ships moored
in harbours, Large displacements of the water occur
for relatively small vertical motion.

Unfortunately, the spectrum corresponding to the
Duncan Basin was not available, consequently it was
decided to use a white noise type spectrum with a
cut-off at 0. 40 radians/second and a magnitude of
0.01 m2s, For this study friction was considered in
the form shown in equaticn (32). The value of the
constant ¢ was taken to be 0, 0002,

Multiplying the square of the ordinates of the re-
sponses, by the ordinates of the (white noise) sea
spectrum we obtained the response spectra for the
three cases for the point under consideration, By
integrating the areas under the final figures we
obtained the variances of the displacements. The
values obtained for the variances in the three cases
are shown in Table II. These values indicate the
importance of the transverse modes' contribution to
the probabilistic response.

As can be expected from probability theory the vari-

ances can be added, i.e,
o2 - op? =~ opp2. (33)

For the white noise spectrum, 8;,(w) = 0.01 mZsec, we

obtained the following results at the 99, 7% confidence
level,

SURFACE ELEVATION

2 ; _
in the negative v direction and the resulting elevations Spp X & gtan_dzg'd lgrlaxunum -
at node 70 are plotted in figure 7. The peaks appear eviatons * o

in the expected positions, and the spurious peaks ..

which appeared at high frequencies in the first study ~ nadiationonly — 0.013105 0.11447 0.343 M
have been significantly reduced by the inclusion of Damping only 0. 009039 0. 09507 0.285 M
internal damping. Radiation and

The natural frequencies of harbours generally lie in Damping 0.003319 0. 05761 0.1728 M
the region between wind and tides (i.e. approximately

Table 2 Variances of surface elevation at point 70

Range of Frequencies Radiation Only  Damping Only Radiation and Damping Comments

w=0to0.27 0. 3475 0. 4475
w=0.27to 0.4 0. 9632 0. 7564
TOTAL 03— 1.3105 0% — 0.9039

0. 0896 Contributions from
Mainly Longitudinal

Modes

0.2424 Contribution from
Mainly Transverse

Modes

U?m = 0,3319 Total variance
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The horizontal displacement spectrum can be obtained
from the momentum equations. For harmonic motion
they give

1 eH

- (34)
K2 — iKky 0Xj

v._

]_ ]:1929‘--

where Vj is 2 maximum displacement such that
. — V. elwt
vj= V] e
Hence the displacement spectrum for a point i will be

1

Svivi =T s,

S 35
o (35)

H, jH y §

where , j denotes the derivative 5/8x;.

Once the spectrum of derivatives of wave height in the
given direction is known, the variance of the dis-
placements in that particular direction can be cal-
culated by integration. Again we can define the maxi-
mum displacements which will be in the range +30y
within a certainty of 99, 7%.

CONCLUSIONS

The results presented in this paper show the import-
ance of considering the two types of damping (radia-
tion and friction) in the study of harbour resonance
phenomena. The radiation which appears as a bound-
ary only damping tends to reduce the peaks of lower
frequencies for each mode of oscillation. The internal
damping which appears throughout the region tends to
reduce the higher frequency peaks.

In practice it is usual to increase the internal damp-
ing coefficient to take account of the energy loss
through radiation. This approach, however, tends to
distort the shape of the response curves and give
expected responses which are too low.

Probabilistic solutions are more realistic from the
designer's point of view and can be easily obtained
once the response of the system is known. As an
illustration the probability of exceedance for eleva-
tions were calculated for the Duncan Basin, and a way
of calculating the horizontal displacements was
indicated. Note that small elevations give rise to
large horizontal displacements which are critical for
the mooring of ships.
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