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ABSTHACT

The twe main problem areas assccionted with the application of
the Boundary Element Method to the dolution of physical
proplony are:-

1 Tie determination af the ferm of the appropriate
fundamental doiutlon,

The evsaluation of the integral of thia aingular functien
over the elements heeded for the determination of the
diaaonal termd 10 the influence matrices,

[ 1%

In this paper the method of 'vefnrence poilnts' 18 described
which avoids the second difficulty and a method for the
venstruction of the fundamental solution for any linear
partial differential equation ia given, These methods are
d1acudaed with examples from twoe-dimensional potentlial and
diffraction theory in ovder to demmsivate simply the
prigeiples involved.,  All the cxanples were solved using

i Apple 1D micrucomputer, demonstrating the efficlency

and uscfulness of the Boundary Element Method,

1 INTRODUCTION

It is not proposed in this paper to present an exhaustive
deacription of the theory of fundamental solutionas, the
interested reader ls referred to the theoretical expositions
to be found in [I—UJ. In thia paper we shall be concerned
with applications, particularly related to potentisl

and diffraction problems. These ciamples were chosen
because of their famillarity and 11 »rder to bring out the
vasential points tn the simplest possible way, [t 1s
liowever necvessary to clorify a number of points relating to
the use of fundamental saolutlons in the Boundary Elemont
Method &t this satage.

The Fundamental Soluticn

Consider a mediuwm in which we have s physical property
represented by the function u which may be a functlion of
space and time. If we know the governing equation for u and
this equation is linear we can write this cquation as

I(u) = { (1)

throughout the medium which we shall for the moment consider
to be infinite in extent,

lere {,13 a linear differential operator. ‘1The cigenfunctions
;k corresponding 1o 1. are defined by

I = i 2

Ly wPr (2)

whero 4, 1s a constant called the eigenvalue correspunding to
the eigenfunction ¢k.

The form of the eigenfunctions wlll depend on the ccordinate

gystem used, For rectangular Cartesion coordinates we can

chavse the eigenfunctions te be the harmonic functions coa (Kx},

ain (Kx), cos {Ky), etc., or using complex notation

oliKx, The eigenvnlueg *  are then just polynomials involving
powers of "K' and "iK',

For infinite regions K is a continuous parameter so we Shall
write ¢, more explicitly ad (K, x}. These eigenfunctions
are usually orthohormal in the sense that

f:»(_li. X ¢ (K', x) dx = $(K - K") (3}
all space
where Lhe hat ' ' denoles complex conjugation,d is the Dirac

delta function which {s zero when K ¥ K' but infinite at K = K'.
To define ¢ uniquely we require that
(K, x) 8(K - K') dK = ¢(K', x) {43

ai dun

which 18 the replacement property of the delta function with
respect to ocur elgenfunctions..= represents integration over
all space.

From {4):

f@@.-,ﬁ_') dK = 1 (5)

and

u/F¢(E. x) ¢ (K, Q)é!t= flx - L) (6)

iw
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This expansion enables the fundamental golution to be deter-
mined.

&
The fundamental solution u for the linear differential operator
may be written

Loux, i) = Sx - B) (N

and is & function of two points, the source point i and the
observation point X. (Notel may be a polynomial of differen
Lials with respect Lo the componenta of £ or X .) This funda-
wental solution represents the value of the field al point

% due to o point source at £ (figure 1).

X = (%,

Observation point
field = u*({x,¥y]f,r)
. r=x - g

Lsing the properties of the delta function and the normalis-
ation properties of the elgenfunctions the fundamental solution
miy be written

. .
ok, £) = ./::(_K, x) ¢ (K, £y dK (8)

Y

E=(f,m

~ {(K)
Source point

The formuia given in (8) is a generallsed trangfaorm. In fart

in secttun 3 we shall use the Cartesian eigenfunctions e -iRex

and {8) «i11 then be an eguation invelving Fourier transforms.
2 REFEUENCE POINTS

One of <he main numerical problems assoclated with the
fundame-tal solution is the cvaluation of the diagonal terms
ot the :nfiuchce matrices. These diagonal terms often consist
uf the ¢~aluation of the integral of the fundamenial solution
over the singularity. Typically integrala like

FIGURE 1 NOTATION FOR DEFINITION OF
THE FUNDAMUENTAL SOLUTION

i
L ]
Gii = uix, £) ds 0
i
and ¢
Hitl J.au"('_)_c_, £) ds (10)

s

LA 1]

are sought, where ds is an elemental length along the element
considered.

These problems may be simply avoided. Conaider the general
second order linear partial differential equation:-

a'u + 2b'u + ctu + d'u +e'u + f'u=g'(11)
XX Xy ¥y x ¥

where the coefficients a', b', ¢', d', e', ' and g' are
functions of x and y enly, and the subscripts x and y denote
differentiation w.r,t. these varlables,
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2
If b ~ac - 0 then the equation is elliptic, we shall consider
this case. Eguation (11) may always he reduced to the
canonical form (sce reference 6, Chapter 3)

L(u) =y +u + au  + bu + cu (12)
XX Yy X y

1.
define the adjoint operator toi..i guch that

{:(v) = ¢y +v -av_-~bv + {c-a -b v 13
T A A O (13)

Then with n as the outward normal, for u and v any sufficiently
ditfercntiable functions:-

vy - uliv) av =

1 b
- 3 3 3 :
. /1};-“— -utY s @ e gﬂ) uv ]as (14)

; n 4n In
1a the problem region and r 18 the boundory.

Then 1f we choose v to be the fundamental solution u*(x, {)
defined Ly:-

usex, 0 = six-0) (15)

then we izay use Lhe selective property of the delta function
o redi o {14) to-

: Al 2n B 2% 2y £y (16
cu(x) lJ{u* il ] + [% 4 b Bn] uu* dS () (16)

we have taken the integrations to be over the variable !/

e

where for smooth boundaries

[ ¢ X £ .

Nolice that u* is a function of two variables and that (16) is
an tdeoticy for all values of the x reference puint.
Constder the abuve with a 5 b - 0 Lhen

¢ ou {x) J ut (%, ::" - ) e uR(x, £)dS(H) D)

Then 1f we choose x to be a reference peint x. outside .. aay

i

X=X,
o ]

then ¢ = U and ( 17 ) may be written:-
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n
T I
ar approximately for n elements g.

~ Ju(E) fu*(;i,g) ds(£)

fu* x5 288 45y =f:(§,_) S unix,,£)AS(E) (18)

3 an ‘J
=S u(® fa% wr (e 6) dS() (19}
J 'y

If we dlucretise f’into boundary elements then we can now
choose n such reference polnts. We have now constructed n
equations for the n unkpown u values on the boundary.

WE HOW HAVE NO SIRGULAR INTEGRALS TO EVALUATE. One dis-
advantage of this method is that the influence matrices

become less diapgonally dominant,with the resulting numerical
problems,;as the dlagonel terms now correspond to an evaluation
of u* between the 1°P element and ith reference point. This
difficulty may be overcome by choosing the reference point
close to the corresponding element.

Example 2-D Laplace sgquation

For the two dimensional Laplace equation

_32"1_ + ,_3_?_'_\;'_ = vzu =0 {20}
FxZ ay?
2 .-
v ouk (h, x) = 80 - K (21)
+
and
gt (E,xi) = =~ in ¥ (22)
=1 2n 19
whetre
=15 - 23
ryy = kg - a) (23)
then (14} becomes
-y _:i' l_rl_ g.{\‘)” = iy X . —al. .
)J_, n [ tnr 38 =3 u (_&_.-1[ oy P0 ruds (24)
J 4
note that at no point on the boundary element I' does rij

become zero not even when 1 = j. In the uxamplé the reference
points x werc chosen to be on the normal lo element i vutside
the probiem region (Figure 2) distance.y from the olement
where # is Lthe length of the element.
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n equations like (24) may be written down,one carresponding lo
cach reference polut position x .
.

1 ) The example conaldered 1d shown in Figure 3 and follows the
ntegration points geometry and discretisations given in [7]. As 1n [T] the
t—+— €lement example was solved on a desktop microcomputer (the Apple 113,

The problem wag scolved for a number of values of the scale’
paramoter .. which determines the distance of the reference
points from their corresponding elementa. ¢ = 0 corresponds
to the conventional Boundary Element Formulation. The
results are presented element by elemeni In Figure 4. The
value ofw glving the best results was about 1.

For more complicatoed equations the evaluation of the
diagonal terms will often involve Lhe use of complicated
special functions. PFor the twe dimensional diffraction case
the fundamenta! golution is given hy

clement i

2
V2w, kS ur (x,8) = 806 (25)
i1.e
IS Ce L 1 2
_H_______,___..__-—-—-*'"}"""_'_'_'H g ue{x, 0} = - 37 H(u) {(Kr) (26)
R x
origin < reforence point
where r = | X ~f
2 )
and H( ) ig a Hankel function of order zero of the second
kind, “
Diagonal terms The diagonal term ls of the form
£
Integration pointy = A (2) p
Gt = - o J ng? e s (27)

An integral which when evasluated invelves Struve and Beussel
functions. The use of reference peints avolds the need for
the use of Struve functions altogether.

Example

Consider the diffraction problem in Figure 5. A wave of the

form el (KXx=Wt) 435 incident on a circular eylinder from the
FIGURE 2 THE USE OF REFERENCE POINTS IN BOUNDARY right.
ELEMENTS
s The zero normal flux on the eylinder dutermines the boundary
condition on the cylinder to be;-

au du
= - -1 IR
in an (28)
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Heat flow through metal plug (25,23 x = g value
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(14,99)
{(4.22)
~-5.09
-4,97
-5.09
{1.22)

(14,99)

(25.8)

5.00
1.97
5,09

(20.0)

(9.96)

(9.96)
(20.0)
(14.99)

RFVERENCE POINTS -~ COMPARISON OF RESULTS
SCALE FACTOR .
1._.,_..,m“.]m__.__m.__"
ELEMERT o, : 0.5
|
1 (25.2) bo(25.5)
2 (15,0 . {(14.9)
3 477 (4.35)
1 -5.30 | -4,97
5 .88 E -4.75
G -9, 44 ‘ ~4.97
7 (4.37) (1.35)
8 (156.0) (14.9)
Y (25.2) {25.5)
10 5.30 ' 5.16
i 1. 87 l 4.80
1 5,30 3.186
1. {20.0) (19.8)
14 (.97} (9.482)
15 é (9.97) ; {U.82)
16 ; (20.0) ] (19.8)
17 ; (15.0) (14.8)
! [
methed
(x) u value
X y value

TABLE 1

(25.9)

(15.0)
{4.11)
-4.92
-5.21
~4,02

(4'11)\

(15.0)
(25.9}
1.92
5,21
41,92

(20.0)
(9.96)
(9.96)

(20,0)

(14.99)

carresponds to the classlical boundary element
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FIGURE &
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DI¥FRACTION PROBLEM AND BOUNDARY
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where u = U+« U
8 I

and UI ig the iuncident field

U, 1s the sctattered field due to the presence of the DIFFRACTION PROBLEM MODULI OF SCATTERED POTENTIAL,COMPARISON
cylinder OF RESULTS
The results for this problem far radius = 1 and wavelength i E
2 are given in Table 2 . The values given are the complex i ELEMENT L*' SCALE FACTOR u APPROXIMATE 1
moduli «f the scattered field representing the amplitude OR NODE | FUNDAMENTAL
uf the oscillations of this field. This field is caleulated ' Y 0.5 1.0 S0LUTION
tusing Lhe refereonce poiut method and the classical Boundary T I iy S
Flement Method for cuomparison. i
1 1,23 1.29 1.24 1.28
In the examples considered above it was not sirictly necessary 2 0.516 0.520 0.507 0.546
to use reference points, In seme cases, however, the integrals
necessary for evaluation of the diagonal terms are very 3 0.482 0.506 0.455 0.480
vunbersomne or not Known in closed form. Thig eventuality 4 0.815 0.803 0.776 0.808
usually necessitates the usce of &n elahorate and slow numer-
1cal integration scheme. 3 0,891 0.894 0.924 0.917
) 11 1.15 1.18 1.15 1,17
3 NUMERICAL AND APPROXIMATF FUNDAMENTAL SOLUTIONS
12 0.326 0.358 | 0,340 0.348
As an example of the methods involved in the use of numerieal . 13 0.134 0.152 1 0.135 0.145
and approximate fundamental solutions consider the two-
dimensional reduced Heluholis equation, 14 0,446 0.437 0,429 0.432
2 2 15 0.630 0.616 . 0,637 0.613
aen o afu K2U =0 (29 !
w2 ! y2 ' - 21 0.975 1,00 i 0.976 0,996
22 0.308 0.335 0.318 0.317
uslug (B) and the normalised eigenfunctions given by ,
1 23 0,137 J.1563 i 0. 136 0,148
#ORp R e (kg % v Ty t30) 24 0.431 0.421 | 0.416 0.418 i
¥ - 4
{ 25 0.516 0,504 0.524 0.604
then the fundamental salution may be written T "L“' . ']‘ R TR P '
ut (x yio,n) ;(ﬁ1)2 ﬂ?#}nffjf)m_g}#z‘nwyﬁdh,dkz Wavelength = 2
(k2 - K 2 K 2) (31) Radius of cylinder = 1
) ' 1 2 The omitted nodes have symmetric values 5+10 = 145 etc
In thms ?“50 1he integral may be evalyated usipg contour N.B. Only ten boundary elements wore used for a wavelength
integration or coordinate transformations to give of only twice the radlus
1
at (x y|eoy = - oul@ Kpx - 2] (32)
41 TABLE 2

For more complicuted lineay differential operators (31)
becomes
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1 Wk, (G-x) 1% (r-y)
- . PR ” 1 . \ 1
us X,y £ (24) e 1 e B 0. aK_dK, (33)
P[lk lkz)

where P is a polynomial of iky{,and ik, and the following
correspondences may be made between the components of the
vperator and the polynomial

H ey ik., and  Fre-aik (34)
ix 1 i 2
Tihe integral {33) may be evaluated numerically for all relevant
poinls (x,y) and (;,.)) used in the problem geometry, although
the singularities corresponding to the real roots of P (k, kl,
.} necd gsome considerable care., Integrals of u* over elements
uf the form (9} may be evaluated analytically with respect
to d$ by change of the ovder of integratiocns.

It now only remains to consider the evaluation of integrals
i type {10} of the normal derivative of u*, Renmenbering that

Aus R g guk Gy
an a5 an ) an (356)
Jur au¥
then o and - may be evaluated by differentiation of

i

(33) with respcci'to “and : underneath the integral signs.
.. oand ﬁn arce for straight elements just dependent on the

.

e
|

Llcmeut nrienraliun, The integrals over d5 alopng the element
may he eliminated as before. In fact
U sin s Heosd Ju df, (36)
. dS = d -
an . L - R
sin : r 08
where is Lthe angle of the element makes with the horizontal.
tFor = 0 or n~  {38) is even asimpler.)
2
The wholly numerical approach described above may not be
appropriate in all cases. In fact in the example conaidered
above an approximate tundamental solution may be used. The
justification of this is that the most singular terms of the
fundamentsal solution arise from the second derivative terms
in the covrrespotdinyg linear operator. In fact these are the
tevms which currespond to the Laplace oguation which has a
simple and well known fundamental solution.

Congider the limits for large and small arguments of the
diffractivu fundamental solution given in {26). We have:-
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Small Kr Large Kr

1 1 (2} 1 2" “i(kr- =) (373
| v oag o - . LB

g [OB Krowe oy Hy (Koe g ‘/'.rkr *

For fixed K and small Kr the diffraction fundamental solution
hehaves like the polential fundamental solution.  For correcl
cholce of clement s8ize the inlegral
y
G = .f u¥ 8
ii
-f

for diffraction problems may be evaluated using the potential
fundamental soclution in place of u*. For widely spaced
elements (with respect to the wave length considered} the
approximation corresponding le Large Kr for u* may be used
for the Gijand Hij Lerins.

Consider the diffraction problem in Figure 5. This time

the small Kr appreximetion has been used in the evaluation
of Lhe diagonal terms, this is a valid appreximation for
elenents of suitable gize, The last column in Table 2 shows
the small cffoel of this approximation on the results.

4 CONCLUSTONS

It has been shown that i1t is usually possible to aveild i1he need
to integrate Lhe fundamental soclution across the singularity
which ceccurs when the observatlion peint and source point
coincide, by the use of refercnce points,

In section 3 a method is outlined for solving second order
partial differential equations when the expliclt form of

the fundamental solution i8 not known or very eumhersome,

by numerical evaluation of specific integral represcentations
of the golulion.

Where numerical integration is not appropriate 1t is often
possible to use an approximate fundamental solution, conseguen-
tly increasing specd and decrecasing complexity. This iz a
consequence of the fact that the singular part of most
fundamental solutions {s a varianl of the potential fundamental
golution with the same number of dimensions as the problem
constidered.
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ABSTRACT

The usual appreach to the selution of boundary integral
equations 1s to represent the unknown vector by a plecewise
constant, linear, or quadratic function over the given mesh
subdivision., These representations have the advantages of
consistency, ability to lntegrate the equations for the glven
functional approximations, and, in general, lmproved accuracy
as the degree of approximation is increascd. While adequate
for many problems, speclal requirements arise for certain
nonllnear problems, e.g., plasticlty, where the integral
equations must be solved for cach load increment. In the
present paper a special numerical algorithm 1s outlined In
which the unknown vector 1s represented as a combination of a
Fourler series and plecewlse linear function, The piecewise
linear function i1s used only in high gradient reglons of Lhe
unknown vector thus permitting an excellent representation
with relatively few Fourier terms. The algorithm is compared
with & linear representation alone for two problems which
show the effects of multiple connectivity, sharp corners and
discontinucus loading. For comparable accuracy both problems
show a signiiicant improvement in computer time required.

INTRODUCTION

The boundary integral method [3,5,7] 1s fast becoming a
genetally accepted alternative to E{nite element, finite
diliference methods at least for linear problems. The
principal reason 1s that the problem dimension ls reduced by
one, e.g., 8 two-dimenslonal problem is reduced to a line
integral equation on the boundary. After discretizing, the
Integral equation formulation results in a lower order sct of
algebraic equations which implies less computer time. There
are also certain inherent accuracy improvements, particularly
for interior information.



